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We discuss observational constraints on models of open inflation. Current data from large-scale structure and the cosmic 
microwave background prefer models with blue spectra and/or ilo > 0.3-0.5. Models with minimal anisotropy at large angles 
are strongly preferred. 
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In this Letter we examine the parameter space allowed 
by models of structure formation in a universe of subcrit- 
ical density in which the main constituent is cold dark 
matter (CDM): ficDM = r^o < 1- In spatially flat models 
with a cosmological constant, the initial fluctuation spec- 
trum is well-defined and such models have received con- 
siderable attention However there is rather more 
structure in open inflationary models , and we be- 
lieve it is timely to consider the constraints that arise 
from the formation of large-scale structure and the ob- 
served anisotropics in the cosmic microwave background 
(CMB). We apply these constraints to provide guidance 
for constructing open inflationary models by emphasiz- 
ing the types of anisotropy spectra which are preferred 
by the data. None of the models currently discussed in 
the literature have the features necessary for a low-fio 
universe with a Hubble constant > 60-65 kms~^ Mpc~^. 

The closest progenitor of this work is that of [^, 
who looked at the large-scale structure constraints for 
open models normalized to the COBE 2-year data. An 
in-depth treatment of current open models with scale- 
invariant spectra below the curvature scale has recently 
appeared in , although their emphasis differs from the 
present one. No previous discussions have focussed on 
the full range of allowable parameter space in CDM mod- 
els, including both large-scale structure and CMB con- 
straints. 

Both observational evidence and considerations of in- 
flation motivate a model possessing adiabatic fluc- 
tuations and CDM, with, if the universe is indeed at sub- 
critical density, preferably flo G [0.1,0.5]. Direct mea- 
sures of the Hubble constant appear to be approach- 
ing a consensus that h = 0.65 ±0.1, where Hq = 
lOO/i kms~^ Mpc~^. We will therefore focus attention on 
this range of {Hq, h) parameter space. All of our models 
will be normalized to the 4-year COBE-DMR data ||] as 
described in ||^. Specifically, we take the amplitude of 
the density fluctuations at horizon-crossing to be 
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where n = n — I and is related to the matter power 
spectrum today by 
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and T{k) is the matter transfer function which depends 
on the cosmological parameters VIq and h. This normal- 
ization assumes that the fluctuations in the gravitational 
potential are a power law, fc"~^, in the eigenvalue k of 
the Laplacian and that only sub-curvature scalar pertur- 
bations give rise to the CMB anisotropy. We will return 
to these points in detail later. 

Restricting ourselves to open inflationary models, our 
parameter space consists oi fto < 1, n, h and JIb^^- 
There are a variety of observational tests which any 
model of structure formation must pass (see e.g. ||l0|,|6|,p| ) . 
For our models, the most constraining tests, based on the 
well defined linear theory predictions, are the shape of 
the CDM power spectrum and the cluster abun- 

dance For the former, we perform a fit directly 
to the data for A^ as tabulated in , excluding the last 
4 points and allowing the overall normalization to float. 
The latter constraint can be expressed as a limit on 



al^J^ A^ik) W\kR) 



(4) 



where R — 8/i~^Mpc, which probes scales k ~ 
0.2/iMpc~^. The amount of small-scale power required 
to fit the cluster abundance in these models is [|l2| , 



cTg = 0.6 n. 
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where the errors are +2,2% xfJo "'"*^!" and -24% 
° at 95%CL. To this we add in quadrature a 



0.171ogio n, 




2a error from the COBE normalization of 20%. We have 
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FIG. 1. Allowed regions: The values of fio and n, for fixed 
h, for which CDM models do not violate any of our large-scale 
structure constraints at 95%CL. Upper limits on flo come 
from requiring to > 12 Gyr, other constraints are discussed 
in the text. We have assumed Qsh'^ = 0.015 and minimal 
large-angle CMB anisotropies. 



also checked that the abundances of high redshift mas- 
sive objects (e.g. quasars and damped Lya systems) are 
compatible with the observations for all of these models. 
Further, we require that our models are at least 12 Gyr 
old [T^ , which provides an upper limit to the value of 
rio which we can consider for any fixed Hubble constant. 
Since we will be concerned here mostly with the lower 
limits to r^Oi the precise age constraint that we impose 
will not be important. 

We show in Fig. |l] the region of parameter space al- 
lowed after applying these constraints for a variety of 
slices with h ^constant. We have fixed the baryon con- 
tent of the universe at this stage to ilsh^ = 0.015. Our 
conclusions do not depend strongly on this assumption 
for the range of r^o we consider. Lowering fl^h^ allows 
slightly higher Qq for fixed h while increasing it allows 
slightly lower Hq. 

Let us concentrate on the open models (top panel); we 
present the flat models (lower panel) merely for compar- 
ison. Notice that very low-fio models are only allowed if 
the primordial fluctuation spectrum is "blue" (n > 1). 
Such blue spectra arise in "flat" inflation mostly 
in hybrid or two-field models where inflation ends not 
by a field rolling down an ever steepening potential but 
through an instability. To the best of our knowledge no 
models of open inflation have been constructed with this 
property, though models with "blue" specta may be more 
natural in open inflation . 

The problem that arises in fltting the data to these 
models is due to the low COBE normalization . In 
each case the upper limit on ilo for flxed n comes from 



the shape of the CDM power spectrum, while the lower 
limit comes from the cluster abundance. This latter con- 
straint scales roughly as il^" "' while the COBE normal- 
ization at large scales is almost flat with Hq. At flxed 
h, lowering flo changes the shape of the CDM transfer 
function so as to reduce small-scale power. The lowest flo 
allowed occurs for the largest ratio of small- to large-scale 
power, i.e. when we tilt the primoridal power spectrum to 
71 > 1 or increase the Hubble constant. Less tilt, or lower 
rig, could be accomodated if trg inferred from the clus- 
ter abundances were lowered. However we have already 
adopted conservative uncertainties on this quantity. 

In producing Fig. |l], we have normalized the models 
to the COBE data assuming that the primordial spec- 
trum of curvature perturbations is a power-law in the 
eigenvalue of the Laplacian. Ignoring a possible "run- 
ning" of the spectral index, this is reasonable on scales 
much smaller than the curvature scale. However open in- 
flation models can predict departures from simple power- 
law behaviour near the curvature scale. These departures 
only affect the lowest multipoles of the CMB anisotropy 
spectrum, and hence the COBE normalization. For cur- 
rent models, departures from a power-law on COBE 
scales do not affect the normalization significantly [ p^ , 
although models that decreased the anisotropy at fixed 
(5h would provide a better fit to the data. More im- 
portantly, we have not included any contribution from 
"super-curvature modes" "bubble wall modes" p^ ] 
or tensor anisotropies. Since the COBE measurement 
of the temperature anisotropies is fixed, any of these 
"extra" contributions to the anisotropy would lower Sn, 
worsening the agreement with observations. For exam- 
ple, decreasing (5h by a factor of 1.5 reduces the allowed 
region to a thin band, '--^ 1/5 of the width, along the up- 
per right of the regions shown in Fig. 0. Reducing (5h b" 
a factor of 2 causes the allowed regions shown in Fig. 
to disappear entirely (a small region persists at high Qq 
and n ^ 0.7-0.8, which is off our plot). 

Thus the challenge to model builders interested in con- 
structing open universe inflationary models is to pro- 
vide "blue" spectra with a minimal amount of large- 
angle CMB anisotropy. If we imagine that obtaining 
very "blue" spectra {n > 1.1-1.2) is as difficult in the 
open models as it is in the fiat models (see e.g. [^), then 
open models will require a relatively low Hubble constant 
and a relatively high density: JIq > 0.4-0.5. If the mod- 
els are significantly "blue" , then they will not look like 
the usual scale-invariant CDM models parameterized by 
r ~ r^o/i- Also should the models have power-law spec- 
tra which stay "blue" to very small scales, limits from 
the production of spectral distortions [ p^ and primor- 
dial black holes ||2^ need to be considered. 

Another strong constraint on open models comes 
from small angular scale measurements of the CMB 
anisotropy. It has long been realized |21 23,Bq] that the 



observation of any feature in the CMB angular power 
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FIG. 2. CMB predictions: The bandpower predicted, as a function of "model number", for the Python, Saskatoon and MAX 
experiments, with 95%CL measurements (sohd, horizontal lines) excluding calibration uncertainty (Py: 20%, SK: 14%, MAX: 
10%) and 10% COBE normalization uncertainty. The histogram represents open models. Unshaded models have Qsh^ ~ 0.01, 
shaded models have f^B^^ ~ 0.02. Within each group n — 0.8, 1, 1.2. Shading running bottom-left to top-right indicates 
h — 0.6, top-left to bottom-right h = 0.7, with the unshaded predictions having the same h as the shaded prediction to their 
right. Vertical dotted lines separate SIq — 0.3, 0.4 and 0.5 (left to right). The open triangles and squares are the predictions 
for Qa = 1 — Slo for comparison. 



spectrum would allow one to perform the classical "angu- 
lar diameter distance" cosmological test of the (spatial) 
curvature of the universe (e.g. |2^). In an open universe, 
the peaks in the angular power spectrum of a CDM model 
shift to smaller angular scale. Thus experiments which 
probe angular scales around 0.5° will observe more power 
in a model without spatial curvature than with negative 
spatial curvature. To quantify this we have chosen 3 
representative experiments which probe scales near the 
first peak in a flat model: Python |2^, Saskatoon ||2^] 
and MAX |^^. For Python we have taken the highest £ 
bandpower, for Saskatoon the 3rd of 5 bandpowers and 
for MAX the "combined" analysis. We show in Fig. || 
the predicted bandpower (also known as Qflat, see [p8|), 
or level of fluctuation, for 32 models with Qq = 0.3, 0.4, 
0.5 and n = 0.8, 1.0, 1.2. Since the CMB anisotropics 
are sensitive to h and Ob/i^ we have computed them for 
h = 0.6, 0.7 and ^bH'^ ^ 0.01, 0.02. Interpolation to 
other values near these is stable. These predictions were 
computed by numerical evolution of the coupled Ein- 
stein, Boltzmann and fluid equations as discussed in , 
using the window functions provided by the authors of 
p5| , p6|j27| . We have not included late reionization, which 
would lower the predictions by exp(— r) where r is the 
optical depth to Thomson scattering between the redshift 
of reionization and today. This redshift is very uncertain, 
our best guess (see e.g. puts r in the range ~ 1% to 



30%. 

The trends in Fig. ^ are easy to understand. Higher 
n means more fluctuation power at 0.5° since the mod- 
els are normalized to COBE on large scales. Similarly, 
higher Qb^^ means more power on small scales since it 
enhances the amplitude of the acoustic oscillations in the 
baryon-photon plasma before recombination. Lowering h 
shifts matter-radiation equality closer to last-scattering, 
thus enhancing the acoustic oscillations due to the decay 
of the potentials. For the open models, lowering flo en- 
hances the peak height (due to the shift of equality) , but 
it also shifts the peak to smaller angular scales (out of 
the experimental window) and increases the anisotropy 
at large-scales (which affects the COBE normalization). 
The net effect is to lower the predicted power at 0.5°. 
For the JIa models the enhanced peak height serves to 
raise the predicted power at 0.5°. 

Providing enough power at small (now angular) scales 
is confirmed to be a problem for open models with 
r^o ^ 1. We conclude that those models best able to 
fit the data have n > 1, ilo ~ 0.5, a relatively low Hub- 
ble constant and a high ilBh^- Any "extra" contribution 
to the large-angle anisotropy over what we have assumed, 
such as super-curvature modes, bubble wall fluctuations 
or gravitational waves, would worsen the situation. 

In summary, we have compared models of open infla- 
tion with the available data on the shape of the CDM 



3 



power spectrum, the abundance of rich clusters and 
smah scale CMB anisotropics. The COBE-DMR nor- 
malized models prefer a relatively high ^Iq > 0.3 and/or 
"blue" spectra n > 1. Models in which "extra" CMB 
anisotropics are present are very strongly constrained: 
enough extra anisotropy to lower Sh by a factor of 2 leaves 
no allowed region on Fig. |^. The constraints become 
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